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Abstract. In this paper we study slow-roll inflation with holonomy corrections from loop
quantum cosmology. Both tensor and scalar power spectra of primordial perturbations are
computed up to the first order in slow-roll parameters and V/ρc, where V is a potential of
the scalar field and ρc is a critical energy density (expected to be of the order of the Planck
energy density). Possible normalizations of modes at short scales are discussed. In case the
normalization is performed with use of the Wronskian condition applied to adiabatic vacuum,
the tensor and scalar spectral indices are not quantum corrected in the leading order. However,
by choosing an alternative method of normalization one can obtain quantum corrections in
the leading order. Furthermore, we show that the holonomy-corrected equation of motion for
tensor modes can be derived from an effective background metric. This allows us to prove
that the Wronskian normalization condition for the tensor modes preserves the classical form.
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1 Introduction
Effects of the quantum nature of space at the Planck scale predicted by loop quantum gravity
(LQG) [1] can be studied by introducing appropriate modifications at the level of the classical
Hamiltonian. This so-called effective approach enables to relate some quantum gravitational
phenomena with the realm of classical physics, which proved to be especially fruitful in the
cosmological context, known as loop quantum cosmology (LQC) [2, 3].
As discussed in Ref. [4], the effective approach in quantum gravity is conceptually
similar to the effective approach in solid state physics. Namely, while calculations based on
many-body Hamiltonian are extremely difficult to execute, there is a whole range of effective
models enabling explanation of macroscopic phenomena in terms of atomic-scale physics.
As an example, relevant for our further discussion, let us refer to the nature of refractive
index n. In the effective model of frequency dependence of n, one considers a single atomic
dipole interacting with electromagnetic plane wave. By virtue of homogeneity of a sample the
formula for n(ω), characterizing macroscopic bulk, can be derived. The formula depends on
known microscopic quantities as electron mass and elementary charge, but also contains some
characteristic frequencies which cannot be derived from the model. The unknown values can
be either fixed experimentally or derived from quantum mechanical computations.
In LQG, there exists an analogue of the many-body Hamiltonian in solid state physics.
Action of this so-called Hamiltonian constraint on the spin network states, describing the
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state gravitational field, is however not fully understood yet. When these difficulties are over-
come it will be possible to study some macroscopic or mesoscopic gravitational configurations
numerically. This is in analogy to computations performed within condensed matter physics
or quantum chemistry. Meanwhile, the effective approach, competitive with the first-principle
computations, can be utilized.
Construction of effective models is facilitated by certain assumptions regarding sym-
metries of space. Here, we focus on homogeneous and isotropic background geometry1 de-
scribed by the flat Freidmann-Robertson-Walker (FRW) metric on which inhomogeneities
are considered perturbatively. Such setup is sufficient to study the generation of primordial
perturbations during the phase of slow-roll inflation.
Incorporation of LQG effects into cosmological models is performed by taking into ac-
count two types of corrections: inverse volume corrections and holonomy corrections. Both
corrections reflect discrete nature of space at the Planck scale, however in a different man-
ner. While strength of inverse volume corrections depends on volume element, holonomy
corrections are sensitive to energy density. In case of inverse volume corrections, equations of
motion for perturbations were derived in Ref. [5]. Based on this, corrections to the inflation-
ary power spectra were derived in Ref. [6]. The corrections were shown to be consistent with
the 7-year WMAP data [7, 8].
In this paper we focus on derivation of holonomy corrections to inflationary powers spec-
trum. As already mentioned, holonomy corrections are sensitive to energy density of matter.
The characteristic energy scale, at which holonomy corrections are becoming important is
ρc =
3m2Pl
8piγ2L2
, (1.1)
where the Planck mass mPl = 1.22 · 1019 GeV, γ ∼ O(1) is the so-called Barbero-Immirzi
parameter and L is a length scale of the order of the Planck scale. Therefore, the critical
energy density is expected to be of the order of the Planck energy density, ρc ∼ ρPl, where
ρPl ≡ m4Pl.
Holonomy corrections are modifying Friedmann equation into the following form [9, 10]
H2 =
8pi
3m2Pl
ρ
(
1− ρ
ρc
)
, (1.2)
where H is a Hubble factor and ρ is energy density of the matter content. Positivity of the
left hand side of this equation implies that energy density of matter is bounded from above,
ρ ≤ ρc. This leads to resolution of singularity problem of homogeneous cosmological modes.
The big bang singularity is replaced by non-singular bounce, which merges contracting and
expanding phases [9, 11].
Models of inflation are typically constructed with the use of scalar fields. In the simplest
case it can be a single scalar field ϕ, the so-called inflaton field [12]. The single scalar is
sufficient to construct a reliable model of the inflationary phase. Energy density of this field
expresses as
ρ =
ϕ˙2
2
+ V (ϕ), (1.3)
1The same symmetries, but for crystal lattice, were applied in the mentioned effective model of refractive
index.
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where V (ϕ) is a potential term. Equation of motion governing evolution of ϕ is not a subject
of holonomy corrections and takes the standard form:
ϕ¨+ 3Hϕ˙+ V,ϕ = 0. (1.4)
The holonomy corrections can be also introduced into equations governing evolution of
cosmological perturbations. In particular, it was found that, while holonomy corrections are
present, equation of motion for the Mukhanov variable v is[13]:
d2
dτ2
v − Ω∇2v − z
′′
S
zS
v = 0. (1.5)
Here τ is a conformal time defined as dτ = dt/a. Moreover, the holonomy correction function
Ω = 1− 2 ρ
ρc
(1.6)
and
zS = a
ϕ˙
H
. (1.7)
It is clear that, while ρ ρc the classical expression with Ω = 1 is correctly recovered.
Based on the Mukhanov variable v, perturbations of curvature R = vz can be derived.
The quantity R is a key object characterizing scalar perturbations, allowing for computation
of the scalar power spectrum.
The equation (1.5) was originally derived by considering requirements of anomaly free-
dom for the scalar perturbations [13]. Later, it was shown that this equation can also be
obtained from the lattice loop quantum cosmology [14, 15]. The equation (1.5) can be seen
as a result of discretization of space for homogeneous cubic cells with the lattice spacing L.
Cosmological consequences of equation (1.5) have not been studied in details yet. As an
interesting application, power spectra from a matter bounce was found [16].
For tensor modes (gravitational waves), holonomy corrected version of the equation is
[17]
d2
dτ2
hi + 2
(
H− 1
2Ω
dΩ
dτ
)
d
dτ
hi − Ω∇2hi = 0, (1.8)
where i = ⊗,⊕ corresponds to two polarizations of gravitational waves. This equation can
be rewritten into the form
d
dτ2
u− Ω∆u− z
′′
T
zT
u = 0, (1.9)
where zT = a/
√
Ω and u = ah⊗,⊕√
16piG
√
Ω
. The equation (1.8) differs from the equation of motion
for tensor modes with holonomy corrections originally derived in Ref. [18]. This is because
the original derivation has not been based on anomaly freedom Hamiltonian. However, tak-
ing into account the issue of anomaly freedom became possible thanks to analysis of scalar
perturbations with holonomy corrections performed in Ref. [13].
So far, the equation (1.8) was applied to study generation of tensor perturbation across
the cosmic bounce [16, 19]. Nevertheless, there is a whole aggregation of previous analyses
performed with the use of the original equation for tensor modes with holonomy corrections
(See e.g. [20–23]). There were also earlier attempts to study holonomy corrections for scalar
perturbations. However, they were not consistent with the requirement of anomaly freedom.
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In particular, the studies for scalar perturbations were performed in Ref. [24]. There is also an
alternative approach to incorporate loop quantum corrections to cosmological perturbations
developed in Refs. [25–27].
It is worth mentioning at this point that because we consider model with the scalar
matter, the vector modes are not activated and identically equal zero [28].
For both tensor and scalar perturbations the deformation factor Ω is placed in front
of Laplace operator. Therefore, it can be considered as an effective speed of light squared.
Namely, by neglecting the cosmological factor and assuming the plane wave solution v ∝
ei(k·x−ωτ), we find the following dispersion relation ω2 = Ωk2, based on which the phase
velocity vph = ωk =
√
Ω. Therefore, the refractive index
n ≡ 1
vph
=
1√
Ω
. (1.10)
While ρ → ρc/2 (Ω → 0) the refractive index becomes infinite, and speed of propagation
tends to zero. As discussed in Ref. [29] this can be associated with the state of asymptotic
silence. At the energy densities ρ ∈ (ρc/2, ρc] the refractive index is purely imaginary. As
discussed in Ref. [19] this not necessarily means that space is opaque for the propagation
of waves. The waves are not only evanescent in this region, but can be amplified as well.
Behavior observed from the numerical computations differs with the intuition gained from e.g
analysis of waves in plasma with frequencies lower than the plasma frequency. Furthermore,
as discussed in Refs. [30, 31] the region of negative Ω can be associated with the change of
metric signature from Lorentzian to Euclidean one.
However, in our calculations of inflationary power spectra, we restrict ourselves to the
regime where Ω > 0. Therefore, the interesting behavior in vicinity of Ω = 0 and at the
negative values of Ω will not be relevant. We will come back to the issue of evolution of
modes in the Ω ≤ 0 in our further studies.
2 Slow-roll inflation
During the slow-roll roll inflation Universe underwent an almost exponential expansion. The
deviation from the exponential (de Sitter) growth of the scale factor is parametrized by
the slow-roll parameters, which are much smaller than unity. The slow-roll roll inflation is
characterized by gradual decreasing of ϕ in a potential V (ϕ). In this regime, energy density
of the scalar field is dominated by its potential energy, therefore ϕ˙2  V (ϕ). Because of that,
the modified Friedmann equation (1.2) can be approximated by
H2 ' 8pi
3m2Pl
V
(
1− V
ρc
)
. (2.1)
Furthermore, flatness of the potential implies that ϕ¨ in equation (1.4) can be neglected, such
that
3Hϕ˙+ V,ϕ ' 0. (2.2)
Using (2.2) to eliminate ϕ˙ from the condition ϕ˙2  V (ϕ) and by using (2.1), one can define
[24]
 :=
m2Pl
16pi
(
V,ϕ
V
)2 1
(1− V/ρc) = −
H˙
H2
1
(1− V/ρc) , (2.3)
such that  1 for the slow-roll inflation.
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By differentiating the slow-roll equation ϕ˙ ' −V,ϕ3H we find
ϕ¨ = −V,ϕϕϕ˙
3H
+
V,ϕH˙
3H2
. (2.4)
Because |ϕ¨|  |V,ϕ|, the absolute value of
ϕ¨
V,ϕ
' 1
3
η − 1
3

(
1− V
ρc
)
(2.5)
has to be much smaller than unity. Following Ref. [24] let us introduce the second slow-roll
parameter
η :=
m2Pl
8pi
(
V,ϕϕ
V
)
1
(1− V/ρc) , (2.6)
satisfying |η|  1 for |ϕ¨|  |V,ϕ|. Based on (2.5) we can also define
δ := η − 
(
1− V
ρc
)
= − ϕ¨
Hϕ˙
, (2.7)
satisfying δ  1.
While studying cosmological perturbations it is convenient to work with the conformal
time τ ≡ ∫ dta . Here, it is defined such that τ ∈ (−∞, 0). Based on the definition of conformal
time and integrating by parts, we find
τ =
∫
dt
a
=
∫
da
a2H
= − 1
Ha
−
∫
1
a
H˙
H2
dt = − 1
Ha
+ τ
(
1− V
ρc
)
, (2.8)
where in the last equality we applied (2.3). This enables us to write expression for the time
dependence of the scale factor
a = − 1
Hτ
1[
1− 
(
1− Vρc
)] . (2.9)
In the slow-roll regime the Ω function, defined in Eq. 1.6, is approximated by
Ω ' 1− 2δH , (2.10)
where for the later convenience we introduced parameter
δH :=
V
ρc
. (2.11)
This parameter reflects deviation from the classical slow-roll inflation due to holonomy cor-
rections. In the classical limit, which corresponds to ρc → ∞, δH goes to zero. In what
follows we will consider only linear corrections in δH . This is because δH is expected to be a
very small quantity. The assumption that the slow-roll regime takes place in the Lorentzian
regime (Ω > 0) implies that δH < 1/2. One can however motivate that δH  1/2 unless the
critical energy density ρc is not much smaller than the Planck energy density. As an example,
let us consider model with a massive potential V (ϕ) = 12m
2ϕ2. Taking the inflaton mass
m ∼ 10−6 mPl and value of the scalar field ϕ ∼ mPl in agreement with cosmological observa-
tions one can estimate that V (ϕ) ∼ 10−12ρPl. Therefore, for ρc ∼ ρPl one can expect that δH
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has the extremely small value δH ∼ 10−12. On the other hand if ρc ∼ 10−12ρPl or smaller, the
holonomy corrections are becoming observationally relevant and allow to constraint models
with low critical energy density.
Here, we keep terms linear in both slow-roll parameters and δH as well as the mixed
terms O(δH) and O(ηδH). Contribution from the second order expansion in the slow-roll pa-
rameters is not taken into account. However, in case the δH is extremely small, as estimated
above, the terms O(2) will dominate contributions from O(δH). The derived expressions
will therefore have practical application only to the regime where ρc ∈ (∼ 0.01,∼ 1/2)2, where
the lower limit comes from estimating values of the slow-roll parameters. The estimated range
overlaps with the domain which can be probed with use of currently available observational
data. Furthermore, the theoretical predictions performed here will set a stage for more com-
prehensive considerations of the second order expansion in the slow-roll parameters. This will
extend a range of testable values of ρc, of course if it is allowed by observational data.
3 Normalization of modes
In this section we will present some possible choices of the short scale normalizations for
the perturbations with holonomy corrections. In must be stressed that we do not explore
any representative class of states. However, the considered normalizations seem to be the
most reliable and best physically motivated. Because of this ambiguity, the choice of the
normalization is the weakest point of a whole construction of the model of generation of
primordial perturbations during the inflationary phase. This concerns also the case without
quantum gravitational corrections. Therefore, here we pay a lot of attention to this issue.
Performing the Fourier transform v(x, τ) =
∫
d3x
(2pi)3/2
vk(τ)e
ik·x of the equations of modes
for tensor and scalar perturbations we find
d
dτ2
vk + Ωk
2vk − z
′′
z
vk = 0, (3.1)
where k2 = k · k, and expression on z depends on whether scalar or tensor mods are studied.
In both cases z
′′
z ≈ H2 ' 1τ2 . Based on this, one can define super-horizontal limit when√
Ωk  H and short scale limit when √Ωk  H. In the super-horizontal limit the Ωk2vk
factor in Eq. 3.1 can be neglected and an approximate solution vk = c1z + c2
∫ τ dτ ′
z can be
found. Because the physical amplitudes of perturbations are proportional to the ratio vk/z,
it is clear that amplitudes are “frozen” at the super-horizontal scales. This process beings
when
√
Ωk ≈ H3. In the short scale limit, the factor z
′′
z uk in Eq. 3.1 can be neglected and
the equation for modes reduces to
d2
dτ2
vk + Ω(τ)k
2vk ≈ 0. (3.2)
2Under assumption that the potential of the inflaton field is quadratic.
3It is worth noticing that this condition differs from the classical one k ≈ H due to presence of time
dependent function Ω. Furthermore, it is worth to stress that z
′′
z
is a Ω-dependent function leading corrections
in expression z
′′
z
≈ H2 ' 1
τ2
. In particular, for the tensor modes z
′′
T
zT
= H2 [2− (1 + 5δH) + . . . ]. The
correction due to δH contributes however together with the  factor, contrary to the contribution Ω = 1 −
2δH + . . . in front of the k2 factor.
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For the slow-roll inflation, the Ω is only weakly dependent on τ and solution to equation (3.2)
can be found by applying the WKB approximation. We find that
vk =
c1√
2k
√
Ω
e−ik
∫ τ√Ω(τ ′)dτ ′ + c2√
2k
√
Ω
e+ik
∫ τ√Ω(τ ′)dτ ′ , (3.3)
which is superposition of plane waves traveling forward (e−ik
∫ τ√Ω(τ ′)dτ ′) and backward
(e+ik
∫ τ√Ω(τ ′)dτ ′) in time. Validity of the WKB approximation requires that
1
2
∣∣∣∣Ω′Ω
∣∣∣∣ 1k√Ω  1. (3.4)
Because we are in the short scale limit
√
Ωk  1|τ | and
Ω
′
Ω
= −4
τ
δH , (3.5)
the condition of validity of the WKB approximation simplifies to δH < 0. Because both 
and δH are smaller than unity for the considered slow-roll evolution, the WKB approximation
(3.3) holds.
Canonical commutation relation between quantum field vˆ and its conjugated momenta
requires Wronskian condition
W (vk, v
′
k) ≡ vk
dv∗k
dτ
− v∗k
dvk
dτ
= i (3.6)
to be satisfied. This is the usual way the modes are normalized and also the place where quan-
tum mechanics enters into description of primordial perturbations. The Wronskian condition
applied to solution (3.3) leads to relation
|c1|2 − |c2|2 = 1. (3.7)
The initial four numbers (c1, c2 ∈ C) parametrizing solution (3.3) are therefore reduced to
three. Because the total phase is physically irrelevant, the family of normalized solutions
in the short scale limit is characterized by two real numbers. Their values have to be fixed
by hand. The obtained solutions are used to normalize general solutions to the equations of
motion.
It is worth stressing at this point that while considering the short scale limit
√
Ωk  H
one has to be cautious about the limit k → ∞. Such limit can be performed only formally
because for k > alPl the classical description of space is expected to be no more valid due to
quantum gravitational effects. We do not consider such trans-Planckian modes here.
3.1 Ω−deformed Minkowski vacuum
For the particular choice c1 = 1, solution (3.3) contains incoming modes only:
vk =
1√
2k
√
Ω
e−ik
∫ τ√Ω(τ ′)dτ ′ . (3.8)
This solution reduces to the so-called Minkowski (Bunch-Davies) vacuum
vMk ≡
e−ikτ√
2k
(3.9)
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in the classical limit (Ω → 1), which has been extensively used to normalize cosmological
perturbations.
Based on (3.8) we define Ω−deformed Minkowski vacuum to be
vΩMk ≡
e−ik
∫ τ√Ω(τ ′)dτ ′√
2
√
Ωk
≈ vMk
[
1 +
(
1
2
+ ikτ
)
δH +O(δ2H)
]
, (3.10)
where in the second equality we neglected time variation of Ω.
3.2 Bojowald-Calcagni normalization
Another possibility of normalizing modes was proposed in Ref. [6] for the case of perturbations
with inverse volume corrections. The proposal made by Bojowald and Calcagni was that in
the short scale limit the solution to (3.2) can be written up to the first order in δH as follows
vBCk = v
M
k (1 + y(k, τ)δH), (3.11)
where y(k, τ) is some unknown function4. By plugin in (3.11) to (3.2) we find the following
equation for the function y:
y
′′ − 2(2H+ ik)y′ + (4iHk − 2H2 − 2δHk2)y − 2k2 = 0, (3.12)
where we used relations
δ′H = −2HδH , (3.13)
δ
′′
H = −2H2δH . (3.14)
The equation (3.12) requires certain simplifications. Firstly, because we are interested in the
first order correction in δH we can skip the factor −2δHk2y in (3.11), which would generate
higher order contribution. Secondly, because we are looking for the short scale solution
(
√
Ωk  H) the factor −2H2y can be ignored as well. This second approximation turns out
to be beneficial while searching for analytic solution to the equation of motion for y. The
reduced equation (3.12) is now
y
′′ − 2(2H+ ik)y′ + 4iHky − 2k2 = 0. (3.15)
For  = 0, solution to this equation is
y = ikτ + c1 + c2e
2ikτ , (3.16)
where c1 and c2 are constants of integration. Because the e2ikτ factor would lead to outgoing
modes we fix c2 = 0. Value of the factor c1 can be determined by considering the case  6= 0.
Let us now find solution in the form y = a+bx. By applying it to (3.15), where H = − 1τ 5, we
find special solution y = a+ bx with a = 11+2 and b =
i
1+2 to equation (3.15). Requirement
of analytic continuity of the solution (in respect to ) between the cases  = 0 and  6= 0 fixes
the value of c1. In consequence, we obtain
vBCk = v
M
k
[
1 +
1
1 + 2
(1 + ikτ) δH +O(δ2H)
]
' vMk [1 + (1 + ikτ) δH ] . (3.17)
4In the original paper [6] the expansion was performed not in therms of δH but δPl relevant for inverse
volume corrections.
5Here we use the simplified de Sitter solution instead of H = − 1
τ
· 1
[1−(1−δH )]] , which is sufficient within
the considered order of approximation.
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It is worth noticing a slight difference between this case and predictions of the Ω−deformed
Minkowski vacuum (3.10). In contrast to that case, the method presented in this subsection
does not utilize the Wronskian condition in order to normalize the mode functions. This may
have advantages if we have reason to suppose that the Wronskian condition is deformed but
the form of deformation is not known.
3.3 Deformed Wronskian condition
Let us suppose that indeed the Wronskian condition is deformed due to presence of Ω. Such
deformation can come from the fact that, because Ω is present in equations of motion, inner
product must differ from the classical one. We will discuss this issue in more details in the
next section, while here wa assume the classical Wronskian condition (3.6) is deformed to
WΩ(vk, v
′
k) = vk
dv∗k
dη
− v∗k
dvk
dη
= if(Ω), (3.18)
where f(Ω) is some function of Ω, defined such that limΩ→1 = 1. In case we have no hints
what the functional form of f(Ω) is we can investigate a power-low parametrization
f(Ω) = Ωn. (3.19)
In this case, the counterpart of (3.10) is
v
(n)
k ≡
e−i
√
Ωkτ
√
2kΩ1/2−n
= vM
[
1 +
(
1
2
− n+ ikτ
)
δH +O(δ2H)
]
. (3.20)
As we see, for n = −12 , the normalization from the deformed Wronskian condition overlaps
with Bojowald-Calcagni normalization up to the first order in δH :
v
(−1/2)
k ' vBCk . (3.21)
4 Inner product and the Wronskian condition
Let us now address the issue of validity of the Wronskian normalization in presence of holon-
omy corrections in more details.
For the a pair of fields φ1, φ2 satisfying Klein-Gordon equation (−m2)φ = 0, the inner
product is [32]
〈φ1|φ2〉 := i
∫
Σ
d3x
√
qnµ (φ∗2∂µφ1 − φ1∂µφ∗2) , (4.1)
where nµ is a future-direction unit (gµνnµnµ = −1) vector normal to Cauchy surface Σ and
q is a determinant of the spatial metric on Σ. To remind, the Cauchy surface is a spatial
hypersurface at which the initial conditions are imposed. The inner product (4.1) is defined
such that it does not depend on the choice of a Cauchy surface:
〈φ1|φ2〉Σ1 = 〈φ1|φ2〉Σ2 . (4.2)
The proof is direct and employs a Gauss law, Klein-Gordon equation and vanishing of φ at
spatial infinities (See e.g. Ref. [33]). It is also worth noticing, that the inner product (4.1) is
not positive-definite.
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In the case studied in this paper, the Klein-Gordon equations for scalar ad tensor per-
turbations are deformed with respect to the classical one. Therefore, in general, one could
expect that (4.1) is not a good scalar product because the condition (4.2), requiring the Klein-
Gordon equation to be satisfied, is not fulfilled. This can imply that the Wronskian condition
(3.6), resulting from normalization of modes with use of (4.1), is deformed.
However, if we manage to find an effective metric geffµν which leads to holonomy defor-
mations of the equations of perturbations, then the proof the condition (4.2) would remain in
force, and the inner product (4.1) can be used. In what follows we show that such construction
is possible for tensor perturbations.
For any component φ of the tensor perturbations, the equation of motion is
d2
dτ2
φ+ 2
(
H− 1
2Ω
dΩ
dτ
)
d
dτ
φ− Ω∇2φ = 0. (4.3)
In the coordinate time (dt = adτ) this equation can be written as
φ¨+ 3Hφ˙− Ω˙
Ω
φ˙− Ω
a2
∇2φ = 0. (4.4)
The classical Klein-Gordon equation φ = 0 (the tensor modes are massless) on the FRW
background is recovered by taking Ω = 1. It can be proved by direct calculation, that the
holonomy corrected equations for tensor modes can be derived from the wave equation φ = 0
at the effective FRW background given by the line element
ds2eff = g
eff
µν dx
µdxν = −
√
ΩN2dt2 +
a2√
Ω
δabda
adxb, (4.5)
where N is a lapse function. In particular for the coordinate time (N = 1) we have
φ = ∇µ∇µφ = 1√−g∂µ(
√−ggµν∂νφ)
= − 1√
Ω
φ¨+
√
Ω
a2
∇2φ− 1√
Ω
(
3H − Ω˙
Ω
)
φ˙, (4.6)
where we used gµν = g
eff
µν . By equating (4.6) to zero and multiplying by −
√
Ω, the equation
(4.4) is recovered.
It is worth noticing that the effective metric (4.5) is conceptually similar to dressed metric
approach to quantum fields on quantum spaces [25, 34]. In our case, quantum gravitational
effects are “dressing” the FRW metric leading to the effective metric (affected by Ω terms),
which is felt by test fields.
Now we can check if the Wronskian condition derived based on (4.1) holds the classical
form. We will be interested in the form of the Wronskian condition for the field
u =
a√
Ω
φ, (4.7)
which, as can be seen by substituting to (4.3), fulfills equation
d2
dτ2
u− Ω∇2u− z
′′
z
u = 0, (4.8)
– 10 –
where z = a/
√
Ω. Because the Cauchy hypersurface is spatial, based on gµνnµnµ = −1, we
find n0 = 1
NΩ1/4
and na = 0, which gives us nµ∂µ = 1NΩ1/4∂t. Then, for the conformal time
(N = a), the inner product of two fileds φ is
〈φ|φ〉 = i
∫
Σ
d3x
√
q (φ∗nµ∂µφ− φnµ∂µφ∗)
= i
∫
Σ
d3x
a3
Ω3/4
1
aΩ1/4
Ω
a2
(
u∗
du
dτ
− udu
∗
dτ
)
= i
∫
Σ
d3x
(
u∗
du
dτ
− udu
∗
dτ
)
= −i
∫
Σ
d3xW (u, u′) =
∫
Σ
d3x = V0 = 1, (4.9)
where the classical Wronskian condition (3.6) was used to get the proper normalization
〈φ|φ〉 = 1. Here, we assumed that the spatial integration is restricted to V0, or equivalently
the spatial topology is compact and has coordinate volume V0. This volume can be conven-
tionally fixed to one. Alternatively the field φ can be rescaled by φ → 1√
V0
φ to compensate
the contribution from the spatial integration over V0.
In summary, for the tensor modes, the inner product (4.1) is properly defined and
normalization condition 〈φ|φ〉 = 1 leads to the classical Wronskian condition (3.6). The
Ω−deformed vacuum seems to therefore be the right choice for the tensor modes. It remains
to show if the similar construction can be performed for the scalar modes as well.
5 Tensor power spectrum
In this section we will compute inflationary tensor power spectrum with holonomy corrections.
Starting point for our considerations is the equation
d2
dτ2
uk + Ωk
2uk − z
′′
T
zT
uk = 0, (5.1)
where k2 = k · k. Having solutions for uT and zT , tensor power spectrum can be found from
the definition
PT (k) = 64piG k
3
2pi2
∣∣∣∣ukzT
∣∣∣∣2 . (5.2)
With use of zT = a/
√
Ω, expression for the effective mass term can be written as
m2eff ≡ −
z
′′
T
zT
= −a
′′
a
+
a
′
a
Ω
′
Ω
+
1
2
Ω
′′
Ω
− 3
4
(
Ω
′
Ω
)2
. (5.3)
All the factors contributing to m2eff can be expressed in terms of conformal time τ as well as
, η and δH . With use of the slow-roll conditions, these terms are:
a
′
a
= −1
τ
[1 +  (1− δH)] , (5.4)
a
′′
a
=
1
τ2
[2 + 3 (1− δH)] , (5.5)
Ω
′′
Ω
=
4
τ2
δH . (5.6)
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The expression for Ω
′
Ω is given in Eq. 3.5. Plugin it into expression for m
2
eff and keeping
terms up to the first order in  and δH we obtain
m2eff = −
1
τ2
[2 + 3 (1− 3δH)] . (5.7)
The equation for tensor modes can be therefore expressed as
d2uk
dτ2
+
[
Ωk2 −
(
ν2T −
1
4
)
1
τ2
]
uk = 0, (5.8)
where
|νT | =
√
9
4
+ 3 (1− 3δH) ' 3
2
+  (1− 3δH) . (5.9)
Equation (5.8) reminds the standard equation for inflationary modes and it is tempting
to find its analytic solution in terms of Hankel functions. This however would not be consistent
because requires assumption of constancy of Ω. The slow variation of Ω cannot be neglected if
we already included variation of Ω in the expression for m2eff . To see it clearly, let us perform
the following change of variables:
x := −kτ
√
Ω, (5.10)
f(x) :=
u√
x
, (5.11)
which transforms (5.8) into
(1− 4δH)x2d
2f
dx2
+ x
df
dx
+ (x2 − ν2T )f = 0. (5.12)
While the dependence on δH in m2eff is contributing to ν
2
T , the time dependence of Ω in
front of k2 generates factor −4δH . Because of this factor, solutions to equation (5.12) are
not Bessel (or equivalently Hankel) functions, what would be the case if the factor −4δH is
absent. Nevertheless, solutions to equation Ref. (5.8) can be studied numerically.
Because analytic solution to equation (5.8) cannot be easily found, we are forced to use
another approach to find tensor power spectrum. Namely we will determine amplitude of the
perturbations at the Hubble radius with use of the short scale solutions. However first, in
order to approve consistency of normalization in case on non-vanishing Ω we will consider
tensor power spectrum for the case with Ω = const.
5.1 Ω = const case
As far as Ω can be considered as a constant, the effective mass term is
m2eff ≡ −
z
′′
T
zT
= −a
′′
a
= − 1
τ2
[2 + 3 (1− δH)] . (5.13)
The equation of motion takes the form (5.8) with Ω =const and
|νT | =
√
9
4
+ 3 (1− δH) ' 3
2
+  (1− δH) . (5.14)
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In this case, exact solution to equation (5.8) can be expressed in terms of Hankel functions:
uk =
√−τ
√
pi
4
[
D1H
(1)
|ν| (−
√
Ωkτ) +D2H
(2)
|ν| (−
√
Ωkτ)
]
. (5.15)
The constants D1 and D2 were normalized such chosen such that the Wronskian condition
(3.6) leads to relation
|D1|2 − |D2|2 = 1. (5.16)
The Ω−deformed Minkowski vacuum normalization is chosen by taking D2 = 0 and D1 =
eipi(2|ν|+1)/4. This can be verified by considering asymptotic behavior of the Hankel function.
Namely, for x 1 H(1)|ν| (x) ≈
√
2
pix exp (i(x− |ν|pi/2− pi/4)). With use of this
uk =
√−τ
√
pi
4
eipi(2|ν|+1)/4H(1)|ν| (−
√
Ωkτ) ≈ e
−i√Ωkτ√
2
√
Ωk
= uΩMk , (5.17)
for −√Ωkτ  1.
Having the modes correctly normalized we can study the super-horizonal limit−√Ωkτ 
1. With use of approximation H(1)|ν| (x) ' − ipiΓ(|ν|)
(
x
2
)−|ν|, which holds at x 1, we obtain
|uk|2 ' 1
2
1
aH
(
k
√
Ω
aH
)−2|ν|
, (5.18)
where we used −τ ' 1aH . Applying it to definition (5.2), the tensor power spectrum from the
slow-roll inflation is:
PT (k) = AT
(
k
aH
)nT
, (5.19)
where the amplitude
AT =
16
pi
(
H
mPl
)2
(1 + δH) , (5.20)
and the tensor spectral index
nT = −2 (1− δH) . (5.21)
With use of the modified Friedmann equation (1.2) in the slow-roll regime (ρ ≈ V ), one
can rewrite (5.20) into the following form
AT =
128
3
V
ρPl
(1− δH) (1 + δH) = 128
3
V
ρPl
+O(δ2H). (5.22)
This expression is not a subject of holonomy corrections in the leading order.
5.2 Ω−deformed Minkowski vacuum
Let us now proceed to the proper calculations. The strategy is the following: We will use a
given short scale solution and extrapolate it up to the horizon scale. A mode characterized by
k crosses the horizon scale when
√
Ωk = aH ' − 1τ . Above the horizon scale the modes “freeze
– 13 –
out” and the power spectrum remains unchanged. The spectral index can be computed from
the horizontal spectrum based on the formula
nT ≡ d lnPT
d ln k
. (5.23)
Modulus square of the Ω−deformed Minkowski vacuum (3.8) is∣∣vΩMk ∣∣2 = 1
2
√
Ωk
. (5.24)
By inserting (5.24) into the definition (5.2) and calculating the value at k
√
Ω = aH we find
PT (k) = 16
pi
(
H
mPl
)2 1√
Ω
=
16
pi
(
H
mPl
)2
(1 + δH) +O(δ2H), (5.25)
which agrees with (5.20).
Let us this result and to compute tensor spectral index. By using (5.23), we find
nT = 2
k
H
dH
dk
− 1
2
k
Ω
dΩ
dk
= −2+O(2δH), (5.26)
where we used k = − 1
τ
√
Ω
, (2.3) and (3.5). Here, the correction from δH contributes together
with 2 terms. Therefore, in the leading order the tensor spectral index holds its classical
form.
5.3 Bojowald-Calcagni normalization
Let us now compute the power spectrum for the Bojowald-Calcagni normalization. While use
of condition
√
Ωk = aH ' − 1τ , the modulus square of vBCk gives∣∣vBCk ∣∣2 ' 12k (1 + 2δH). (5.27)
It is wort mentioning that this value does not depend on the fact that the amplitude is
computed at the horizon. This is because the ikτδH term contributes in the second order,
which is neglected. By inserting (5.27) into the definition (5.2) we find
PT (k) = 16G
pi
k2
a2
Ω(1 + 2δH) =
16
pi
(
H
mPl
)2
(1 + 2δH) +O(δ2H). (5.28)
Having amplitude of spectrum computed at the horizon scale, the spectral index is
computed from the relation
nT ≡ d lnPT
d ln k
= 2
kHa
dk/dτ
H˙
H2
+ 2
dδH
d ln k
= −2(1 + δH), (5.29)
where we have used expression (2.3) and the fact that at the horizon
√
Ωkτ = −1.
Summing up, the tensor power spectrum with the Bojowald-Calcagni normalization can
be expressed as follows
PT (k) = AT
(
k
aH
)nT
, (5.30)
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where the amplitude
AT =
16
pi
(
H
mPl
)2
(1 + 2δH) (5.31)
and the tensor spectral index
nT = −2 (1 + δH) . (5.32)
With use of the modified Friedmann equation (1.2) in the slow-roll regime (ρ ≈ V ), one
can rewrite (5.31) into the following form
AT =
128
3
V
ρPl
(1 + δH) . (5.33)
6 Scalar power spectrum
Here, for the sake of completeness we will derive equation of motion for the scalar modes in
the slow-roll approximation. This equation will not be used to derive spectrum of the scalar
inflationary perturbations because of the same reason as in the case of tensor modes.
Amplitude of the scalar power spectrum
PS(k) = k
3
2pi2
∣∣∣∣vkzS
∣∣∣∣2 (6.1)
will be calculated using the short scale solution extrapolated to the horizontal scale. While
the spectral scalar is found, the spectral index will be determined by virtue of
nS ≡ d lnPS
d ln k
. (6.2)
Similarly as for tensor modes, the Fourier transform of the scalar perturbations fulfills
equation
d
dτ2
vk + Ωk
2vk − z
′′
S
zS
vk = 0, (6.3)
where zS = aϕ
′
H . The task now is to determine time dependance of
z
′′
S
zS
in the slow-roll
approximation.
By differentiating zS = aϕ
′
H with respect to conformal time and by using relation (2.3)
we obtain
z′S
zS
=  (1− δH)H+ ϕ
′′
ϕ′
. (6.4)
With use this, the expression (2.7) for the parameter δ can be written as
δ = 1− ϕ
′′
ϕ′H = 1 +  (1− δH)−
z′
zH . (6.5)
By differentiating this equality with respect to conformal time and neglecting all the non-
leading contributions (i.e. δ′, ′, 2, η′) we obtain the following equality
z
′′
S
zS
=
(
z
′
S
zS
)2
+
H′
H
z
′
S
zS
. (6.6)
– 15 –
Combining (6.4) together with (6.5) and (2.7) we find
z
′
S
zS
= [1− η + 2(1− δH)]H. (6.7)
Furthermore
H′
H = H
(
1 +
H˙
H2
)
= H (1− (1− δH)) , (6.8)
where in the second equality we used (2.3). Plugging (6.7) and (6.8) to (6.6) we obtain
z
′′
S
zS
= H2 [2 + 5(1− δH)− 3η] = 1
τ2 [1− (1− δH)]2
[2 + 5(1− δH)− 3η]
=
1
τ2
[2 + 9(1− δH)− 3η] . (6.9)
Equation for scalar modes with holonomy correction in the (first order) slow-roll approx-
imation can be therefore written as
d2vk
dτ2
+
[
Ωk2 −
(
ν2S −
1
4
)
1
τ2
]
vk = 0, (6.10)
where
|νS | =
√
9
4
+ 9 (1− 3δH)− 3η ' 3
2
+ 3 (1− 3δH)− η. (6.11)
The classical case is correctly recovered for δH → 0.
6.1 Ω−deformed Minkowski vacuum
With use of the WKB approximation (3.8) applied to definition (6.1) we find
PS(k) = 1
pi
(
H
mPl
)2 (1− δH)
Ω3/2
=
1
pi
(
H
mPl
)2
(1 + 2δH) +O(δ2H) (6.12)
at the horizon
√
Ωk = aH.
Finally, the inflationary scalar power spectrum:
PS(k) = AS
(
k
aH
)nS−1
, (6.13)
where amplitude of the scalar perturbations
AS =
1
pi
(
H
mPl
)2
(1 + 2δH) , (6.14)
and the spectral power index
nS = 1 + 2η − 6+O(2δH , ηδH). (6.15)
As in case of the tensor modes, the δH correction to the spectral index is multiplied by the
2 and η factors which are negligible in the considered order. To see it explicitly let us consider
the case of massive scalar field (V = 12m
2ϕ2) for which  = η. Therefore nS = 1−4+O(2δH).
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Using the recent Planck fit nS = 0.9603± 0.0073 [35], we obtain  ≈ 14(1− nS) ≈ 0.01. The
higher order corrections are therefor of the order O(2δH , ηδH) ∼ 10−4δH , with |δH | < 12 .
These terms are also typically smaller than contributions from the classical second order slow-
roll expansion. With use of the present observational precision is impossible to constrain such
effects.
Moreover, with use of the modified Friedmann equation (1.2) in the slow-roll regime
(ρ ≈ V ), one can rewrite (6.18) into the following form
AS =
8
3
1

V
ρPl
(1− δH) (1 + 2δH) ≈ 8
3
1

V
ρPl
(1 + δH) . (6.16)
6.2 Bojowald-Calcagni normalization
The calculations can be now repeated for the case of Bojowald-Calcagni normalization. The
obtained inflationary scalar power spectrum is
PS(k) = AS
(
k
aH
)nS−1
, (6.17)
where amplitude of the scalar perturbations
AS =
1
pi
(
H
mPl
)2
(1 + 3δH) (6.18)
and the spectral index
nS = 1 + 2η − 6
(
1 +
1
3
δH
)
. (6.19)
In contrary to the previous case, the spectral index is holonomy-corrected in the leading order
for the Bojowald-Calcagni normalization
For completeness, with use of the modified Friedmann equation (1.2) in the slow-roll
regime (ρ ≈ V ), one can rewrite (6.18) into the following form
AS =
8
3
1

V
ρPl
(1− δH) (1 + 3δH) ≈ 8
3
1

V
ρPl
(1 + 2δH) . (6.20)
7 Tensor-to-scalar ratio
In theoretical studies of inflation as well in confronting theoretical predictions with obser-
vations it is often useful to work with tensor-to-scalar ratio r. This dimensionless quantity,
defined as
r :=
AT
AS
, (7.1)
measures ratio between amplitudes of tensor and scalar perturbations. There is at present a
huge effort to detect B-type polarization of the CMB radiation which would make determi-
nation of the amplitude of the tensor perturbations AT possible6. At present, knowing the
value of AS and having observational constraint on AT , upper bound on the value of r can
be found. The strongest constraint comes from observations of the Planck satellite: r < 0.11
6To be precise, the B-type polarization of the primordial origin was not detected yet. The B-type po-
larization due to gravitational lensing was recently observed for the first time by the SPTpol observatory
[36].
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(95% CL) [35]. The theoretically predicted values of r can be confronted with this bound
allowing for elimination of some possible inflationary scenarios. In particular, the massive
model of inflation is no more preferred in the light of the new Planck constraint [35, 37].
Let us calculate the tensor-to-scalar ratio r for the models studied in this paper. For
the case with Ω−deformed Minkowski vacuum normalization we obtain
r = 16
(1 + δH)
(1 + 2δH)
= 16 (1− δH) +O(δ2H). (7.2)
Based on this and equation (5.26) the expression for the tensor spectral index
r ≈ −8nT (1− δH) . (7.3)
As we have shown in the previous section, for the massive scalar field  ≈ 0.01. For the
classical case (δH = 0) this would give us r = 16 = 0.16, which is in contradiction with the
Planck constraint r < 0.11. This reflects the mentioned disagreement between the massive
scalar field model of inflation and the new Planck data. In the past, when the observational
bound on the value of r was weaker, the massive scalar field model of inflation was favored
by the data. It is worth noticing that, by applying  ≈ 0.01 to (7.2), together with the
Planck constraint on r, we find that δH & 0.3. Therefore, presence of the quantum holonomy
corrections helps to fulfill the observational bound. However, this would require the critical
energy density ρc to be much smaller than the Planck energy density.
For the Bojowald-Calcagni normalization we obtain
r = 16
(1 + 2δH)
(1 + 3δH)
= 16 (1− δH) +O(δ2H), (7.4)
which is the same as for the Ω−deformed Minkowski vacuum normalization. Finally, based
on this and (5.32) the expression for the tensor spectral index
r ≈ −8nT (1− 2δH) . (7.5)
8 Summary
In this paper we found holonomy corrections to inflationary power spectra. Such corrections
reflect a discrete nature of space at the Planck scale predicted by loop quantum gravity.
Calculations were performed for the slow-roll type inflation driven by a single self-interacting
scalar field. The derivations were done up to the first order in the slow-roll parameters  and
η as well as in the leading order in the parameter δH , characterizing holonomy corrections.
An important issue while considering quantum fields on expanding backgrounds is a
proper normalization of the modes. In our calculations we assumed that only ingoing modes
are present. Short scale normalization of these modes is a subject of ambiguity due to presence
of the quantum holonomy effects. We considered two, best motivated, types of normalization.
The first one was based on adiabatic vacuum (WKB) approximation, while the second one
was based on the method proposed by Bojowald and Calcagni in Ref. [6].
For the first type of normalization, spectral indices are not quantum corrected in the
leading order. To be precise, linear corrections in δH are expected. However, they are mul-
tiplied not by  or η but 2 or η2 terms. These higher order contributions were not studied
systematically in this paper. Nevertheless, calculation of the holonomy-corrected inflation-
ary spectrum including O(2, η, η2) terms is a natural generalization of the results presented
– 18 –
here. This would help constraining δH if sufficiently accurate observational data are available.
Investigation of the higher order corrections in the light of the present CMB data is, however,
not possible.
As we have shown, equation of motion for tensor modes with holonomy corrections
can be derived from the wave equation defined on effective metric, which encodes quantum
gravitational effects. This observation allowed us to define a proper inner product for the
tensor modes and to show that normalization of tensor modes is obtained by satisfying the
classical Wronskian condition.
In this paper we focused on the region where Ω > 0. Much more interesting is behavior
of modes in the vicinity of Ω = 0 and for Ω < 0 where the equations of modes become elliptic.
The issue of imposing initial conditions at Ω = 0 will be a subject of the forthcoming paper
[38]. Evolution of tensor modes across the region with negative Ω was addressed in Ref. [19].
As it was shown there, tensor power spectrum is enormously amplified in the UV regime.
This new behavior certainly deserves more detailed studies. Furthermore, investigation of
simultaneous effects of holonomy and inverse volume corrections is now possible thanks to
new results presented in Ref. [39].
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